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Abstract 



Using the counterterm subtraction technique we calculate the stress-energy tensor, 
d I action, and other physical quantities for Kerr-AdS black holes in various dimensions. For 

Kerr-AdSs with both rotation parameters non-zero, we demonstrate that stress-energy 
tensor, in the zero mass parameter limit, is equal to the stress tensor of the weakly coupled 
four dimensional dual field theory. As a result, the total energy of the general Kerr-AdSs 
black hole at zero mass parameter, exactly matches the Casimir energy of the dual field 
theory. We show that at high temperature, the general Kerr-AdSs and perturbative field 
theory stress-energy tensors are equal, up to the usual factor of 3/4. We also use the 
counterterm technique to calculate the stress tensors and actions for Kerr-AdSg, and 
Kerr-AdSy black holes, with one rotation parameter, and we display the results. We 
discuss the conformal anomalies of the field theories dual to the Kerr-AdSs and Kerr- 
AdSy spacetimes. In these two field theories, we show that the rotation parameters break 
conformal invariance but not scale invariance, a novel result for a non-trivial field theory. 
For Kerr-AdS7 the conformal anomalies calculated on the gravity side and the dual (0,2) 
tensor multiplet theory are equal up to 4/7 factor. We expect that the Casimir energy 
of the free field theory is the same as the energy of the Kerr-AdS7 black hole (with zero 
mass parameter), up to that factor. 
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1 Introduction 



There has been considerable interest in Anti de-Sitter (AdS) black holes since the discovery 
of the AdS/CFT correspondence [|l[], relating the physics of AdS in n + 1 dimensions to a 
strongly coupled conformal (gauge) field theory (CFT) in one dimension fewer. This interest 
was triggered by Witten [0, who in formulating a precise statement of the duality, (see also 
ref. 0) found the dual interpretation of the thermodynamical properties of Schwarzchild AdS 
black holes (Sch-AdS) in terms of the dual field theory at a non-zero temperature related to 
the mass of the black hole. An example of this remarkable connections is the interpretation of 
the Hawking-Page phase transition[0 from AdS to Sch-AdS at finite temperature, as terms of 
a transition between phases of the dual strongly coupled field theory. 

Since then many new works have been presented on AdS black holes with the three sim- 
plest properties of mass, charge and rotation, in the context of the AdS/CFT correspondence. 
Reissner-Nordstrom AdS (RN-AdS) black holes were studied in this context in ref.[^. There 
are again remarkable interpretations of the black holes' properties in terms of the dual gauge 
field theory. There is a beautiful family of phase transitions as a function of temperature 
and charge, (also temperature and potential). These are interpreted in the gauge theory as a 
family of transitions at finite temperature and a chemical potential for a global charge under 
the R-symmetry of the (broken) supersymmetry of the gauge theory. This latter is especially 
interesting, since for the appropriate choice of R-current, the chemical potential in the dual 
gauge theory would be a close cousin of the baryon density operator in QCD. Therefore quite 
remarkably, studies of such charged black holes might give a window on the phase structure 
of gauge theory (and perhaps ultimately, QCD) at finite temperature and density, which is of 
great experimental interest. Further work on this is of great interest. 

Kerr-AdS black holes were studied for the first time in the AdS/CFT context in ref.0, 
where the authors studied three, four and five dimensional Kerr-AdS black holes and some 
features of their dual field theories. Several important contributions have been subsequently 
presented on Kerr-AdS black holes |0-|T^, addressing the subject of AdS/CFT duality. 

Asymptotically AdS black holes enjoy many interesting properties distinct from black holes 
which are asymptotically Minkowskian. For example, the presence of a negative cosmological 
constant, A < 0, allows more geometries for black holes horizons than in the A = case. These 
horizons can be spherical, planar and hyperbolic surfaces. Another interesting property that 
is not shared with A = solutions is that AdS black holes are thermodynamically stable, in 
the canonical ensemble, for certain ranges of their parameters. Schawrzchild-AdS black holes 
which are large compared with the scale, / ~ |A|~^/^, set by the cosmological constant, have 
positive specific heat, which is roughly attributable to the fact that AdS effectively acts as 
a box with reflecting walls supplied by its natural boundary at infinity. Kerr-AdS black holes 
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are also stable in this way, and again this is not the case for ordinary Kerr. Kerr-AdS solutions 
have Killing vectors which are rotating with respect to time-translation Killing vectors, and 
time-like everywhere. This allows thermal radiation to rotate with the black hole's angular 
velocity all the way to infinity. As a result, superradiance is not allowed, and the black hole is 



in thermal equilibrium with the thermal radiation around it |11|]. 

In this paper we present the results of continued studies of Kerr-AdS black holes, using 
the counterterm subtraction method recalled in the next section. We calculate stress-energy 
tensors as well as gravitational actions of Kerr-AdS„+i spaces, for n = 4, 5 and 6, where the 
five dimensional case is for the general solution with two rotation parameters, while we consider 
only the one-parameter solutions for higher dimensions. 

In the general Kerr-AdSs case we find that the stress-energy tensor, for zero mass parameter, 
exactly matches that of the weakly coupled dual field theory (four dimensional large N SU{N) 
gauge theory on a rotating spacetime -see below) at zero temperature. Consequently, the 
Casimir energies and conformal anomalies of the dual theory exactly match their Kerr-AdSs 
counterparts. This happens as a consequence of a non-renormalization theorem which protects 
anomaly coefficients from higher loop corrections, specifically for this dual field theory. In 
Kerr-AdSy the situation is a little different, since there is no non-renormalization theorem that 
protects "type-A" anomaly coefficients (reviewed below) from higher loop corrections. As a 
result, we find that the conformal anomalies on both sides of the correspondence (the dual 
field theory is the six dimensional "(0, 2)" tensor multiplet field theory at large A^) are not 
exactly equal, (see ref. ||16|| for the field theory result) there is a factor of 4/7 difference between 
them, presumably corresponding to a renormalisation in going from weak to strong coupling. 
We believe that the same factor will show up in comparing a perturbative Casimir energy 
calculation to the dual energy computed for Kerr-AdSy. We compute and display the latter 
here, although there is no field theory calculation on the market to compare to yet. In Kerr- 
AdSs and Kerr-AdSr cases we find, by examining the form of the trace of the energy-momentum 
tenor, that the rotation parameters break conformal but not scale invariance. We also argue 
that at high temperature, the dual stress-energy tensors are equal up to the usual 3/4 factor 
encountered in comparing such unprotected things across the weak/strong coupling divide[|T^]. 

We completed these calculations and announced them in ref. where we used the stress 
tensors as examples of the scale/conformal invariance issue mentioned in the previous para- 
graph. We suppressed some of the computational details there, promising to display them 
later. This is the main purpose of this paper. We have learned that a recent paper has ap- 



peared with computations which overlap with some of those presented here [|19 
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2 Computing the Action and Stress Tensor 



The gravity action on a region of spacetime Ai, with boundary dAi has the form||39||, 



'bulk 



16nG 



d 



ri+l 
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P 



(1) 



dM 



The first term is the Einstein-Hilbert action with negative cosmological constant A, which 
defines a natural length scale as follows: K=—n{n—l)/2P. The second term is the Gibbons- 
Hawking boundary term. Here, hab is the boundary metric and K is the trace of the extrinsic 
curvature K""^ of the boundary. We of course wish to consider the case where is a complete 
spacetime which is asymptotically AdS, therefore having infinite volume. 

To deal with the divergences which appear in the gravitational action (arising from integrat- 

^ ^. The 



ing over the infinite volume), we shall use the "counterterm subtraction" method pi 



method regulates the action by the addition of certain boundary counterterms which depend 
upon the geometrical properties of the boundary of the spacetime. They are chosen to diverge 
at the boundary in such a way as to cancel the bulk divergences [^-p^ (see also ||2^, |^, |26|, ^): 
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Here TZ and TZah are the Ricci scalar and tensor for the boundary metric h. Using these 
counterterms one can construct a divergence-free stress-energy tensor from the total action 
/=4uik+/surf+/ct by defining (see e.g. [||]): 

2 51 



■ (2) 



T 



ab 



(3) 



V-/i 5hab 

The metric restricted to the boundary, hab., diverges due to an infinite conformal factor, which 
will turn out to be r^//^ in coordinates we will introduce later. 

We will be interested in comparing quantities computed for to a strongly coupled dual 
field theory, which resides on a spacetime with a metric conformal to /ia6-Q We take the back- 
ground metric upon which the dual field theory resides as 



lab 



lim —h 

1 — >oo T 



ab 



and so the dual strongly coupled field theory's stress-tensor, T"^ 
equation (H) by the rescaling[B^]: 



(4) 



is related to the one in 



-7 labT 



- lim V^habT'"' 



(5) 



This amounts to multiplying all expressions for T"* displayed later by (r/l)"' ^ before taking 
the limit r— s>oo. 



^Sometimes this is just referred to as "the theory on the boundary", which is only roughly true. 
^The expression for T"*" has been computed for arbitrary background manifold in ref . |]3l| . 
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3 The General Kerr— AdSs Solution 



The rotation group in n + 1 dimensions is SO{n). The number of independent rotation param- 
eters for a locahzed object is equal to the number of Casimir operators, which is the integer 
part of n/2. This means that general Kerr-AdSs has two parameters. Its metric is given by 0: 

ds^ = ^ dt rf0 — d^p + ^de^ + -^—^ adt - ^ _ 

(l + rV/2)/ 6(r2 + a^) sin^ , , a(r^ + b^) cos^ 9 ^ 
H ^— ^ I abdt dcp dip 

Ar V J 

where 

p = r'^ + a'^ cos^ 9 + b^ sin^ 9, 
= l-aV/^ S, = l-6V/2 

A, = ^{r^ + a^)(r' + b')il + ryP)-2MG, 

Ae = l-ayPcos^9~byPsm^9 . (7) 

The inverse temperature, computed by requiring regularity of the Euclidean section, is: 

^ 27rr+ir^' + a^)ir+^ + b')l' 
^ 2rl + rl{P + 62 + a^) - a%H^ ' ^ 

The stress energy tensor components calculated for general Kerr-AdSs are considerably long 
expressions. We found that once we performed the procedures outlined in the previous section, 
the resulting stress-energy tensor, proposed to be that for the strongly coupled dual field theory, 
can be written in the following compact form: 



Mr. .... / 
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r III Ticcl D 
— Oa K — K Kcad 



(9) 



where R, Rat and Rabcd are the Ricci scalar, Ricci tensor and Riemann tensor of the background 
metric jab- Here, = (1, 0, 0, 0) is a unit time-like vector and M is the mass parameter. We 
shall discuss in more detail the above form of the stress-energy tensor by the end of the 



subsection p.2| , where there and in the next subsection we test whether this is indeed related 
to the stress tensor of the large SU{N) Yang-Mills theory. 

The mass and angular momenta calculated from this tensor are given by: 

M = ^^[7E,Eb + S,' + E^ + 72GM/P], (10) 
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and 



The angular velocities on the horizon have the form: 



The action is given by 

h = - Jfl ^ [I2(r+V/')(1 - - S,) + S,^ + S,^ + + 12r+V^' - 2(a^ + h')/l' 
-12(a26V/4)(^^~2;-2_^/3)_^2] . (13) 

while the area of the horizon is 

We note that the above quantities satisfy the following thermodynamical relation for = 4 

S = (3{M- n.Ji) - /n+1 = ^ , (15) 

which is a highly non-trivial check of our calculations. (Note that the expressions for angular 
momenta (|TT]) are different from those given in ref. 0, where there is a missing factor of 2^^^ 
or in their expressions. The angular momenta and the other quantities calculated in that 
reference therefore do not satisfy the above thermodynamical relation, but with the expressions 
presented here, they do.) 

3.1 The Conformal Anomaly 

The dual field theory is proposed to be strongly coupled M = 4 supersymmetric SU (N) Yang- 
Mills theory with the supersymmetry broken by the rotation and the finite temperature (mass 
of the black hole). The spacetime metric on which the dual field theory resides is found, using 
the definitions in section ^ to be: 



, 5 2a sin^ 6* , , , 2b cos^ 6^ , , , ,n c?6'^ ,n sin^ 6^ , , n f cos^ ^ , , n' 
-cit + — dtd(p + — dtdtp + f— + f^^dcp^ + — — 9di)^ 

^b 



(16) 



It is important to note that this generalized rotating Einstein universe is conformally fiat. 
This will be of great use later. 

Now we would like to compare some of the results we have found on the AdS side of the 
correspondence with their dual on the field theory side. It is difficult to calculate physical 
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quantities in the strongly coupled field theory in order to make the comparison directly. Some- 
times, however, there is a non-renormalization theorem which protects anomaly coefficients 
from higher loop corrections. 

When this is true, the Casimir energy and the anomaly coefficients for both strongly coupled 
and weakly coupled limits of the theory should be the same. These anomaly coefficients are 
protected because the trace of the stress-energy tensor and the divergence of the S'f/(4) R- 
symmetry current are in the same supermultiplet, which is called anomaly multiplet. The 
divergence of the R-current is just the chiral anomaly, which is one loop exact by Adler- 
Bardeen theorem. (See e.g. refs. |p2|| for relevant discussions.) 



Unfortunately, our treatment does not include any supersymmetry, as it is broken by the 
rotation, and therefore we should not expect that we have any right to protection from a 
non-renormalisation theorem. Fortunately, higher loop corrections (corrections beyond planar 
diagrams) are of order 0(1) and 0{j^) ^^^^ ^'^^ change the one loop results as 



long as we study the large limit, which is precisely where the duality holds (at least if we 
stay in pure supergravity) . This is the main reason that the conformal anomaly and Casimir 
energy for weakly coupled fields will be exactly equal to their duals on the gravity side, we will 
see in the following. 

The definition of the stress tensor for the dual field theory that we shall use for weak 
coupling is the one introduced by Brown and Cassidy They calculated the renormalized 
stress tensor for free fields (conformally coupled scalar, Weyl spinor and U{1) gauge field). 
Their expression is given by: 



<f:,>=Hj'^ 



167r2 



y 



(17) 



where and 6'^ are defined in ref. p8|. (Note that they use spacetime indices (/i, z/) 



for the field theory and for the coefficient of while here we use (a, b) for the indices and 
6' for the coefficient.) If the expectation value is over vacuum state, Hab"^^ will be zero, since it 
is identified with the vev of the stress-energy tensor in Minkowski space. We will use this fact 



in section |3.2| . The label sG{0, 1/2, 1} distinguishes the spin of the field for which the labelled 
coefficients a* and 5* are computed. We can now compare this to the the non-thermal {i.e., 
the M-independent) part of the tensor which we have computed on the gravity side, inserting 
the spins appropriate to the content of the dual theory: a gauge field, six scalars and four Weyl 
spinors. 

According to the AdS/CFT relation, one should define the Casimir energy for the field 
theory dual to the Kerr-AdS spacetime as the contribution to the total energy of the spacetime 



which is independent of the black hole's mass[23|. We find that the two energies exactly match 
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and they are given by: 

Ar2 



£ = — ^(7S„S, + + . (18) 



where we used the standard entry in the AdS/CFT dictionary |jl| 

1 2N^ 



(19) 



G 7r/3 ■ 

This Casimir energy agrees with the one calculated in ref.lT^ for one parameter Kerr-AdSs 



case as 6— >0. 

Furthermore the two stress-energy tensors at zero mass parameter limit, are equal. This 
is not surprising, since conformal anomaly fixes the whole stress tensor in conformally fiat 



background, once the quantum state is determined pq . 

Let us now investigate conformal anomaly for dual field theory, [0, |2l| on the boundary. The 
general form of Weyl anomaly in arbitrary dimension n is given by (see e.g. the discussions in 



refs.|g,[T|]): 

Ta"" = CoEn + SqJ, + Vi/ (20) 

where £"„ is Euler density in n dimensions, are invariants which contain the Weyl tensor and 
its derivatives, and the last term is a collection of total derivative terms that can be removed 
by adding suitable local couterterms.Q The first type of term is called "type A", the second 
"type B", and the last "type D". It is important to note that the coefficients of all terms are 
regularisation scheme independent except the type D anomaly. 

In the two non-trivial cases of spherical Kerr-AdSs and Kerr-AdSy, the boundary metric is 
conformally fiat which means that the Weyl invariant terms vanish. The only surviving non- 
trivial term is the Euler density which is locally a total derivative. The Euler density integral is 
a topological invariant which vanishes for the boundaries of Kerr-AdSs and Kerr-AdSy spaces. 
In special cases the Euler density is proportional to a combination of terms in in the type 
D anomaly. This doesn't make the type A anomaly a type D anomaly, since the coefficient 
Co is scheme independent. Attempting to add counterterms to remove the type A anomaly 
will change the anomaly coefficient Cq, which means that we have moved to a different theory, 
instead of merely changing scheme. 

We find[jl8[ that this special situation is just what happens for the Kerr-AdSs and Kerr- 
AdSy solutions. The conformal anomaly for two parameters Kerr-AdSs has the following form: 

T,- = - ^J^6 K/^' cos' ^(3 cos' 0-2) + 6V/'(cos' 0(-3 cos' 6 + 4)-!)- cos 26] ,(21) 
■^This term is the generalization of the famihar OR in four dimensions. 
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which matches exactly the general form of the trace anomaly in four dimensions. In terms of 
the Euler density, it can be written simply as 



Ta" = C^En (22) 

where Cq = — A^^/vr^. The integrated anomaly is zero as in the one-parameter case 

dx^^/^Ta" = . (23) 



Since the energy-momentum tensor is traceful, but the trace is an irremovable total derivative, 
we see that for arbitrary rotation parameters we have broken conformal invariance but preserved 
scale invariance. This is discussed at length in ref.[0. It is interesting to note that when the 
rotation parameters are equal, the anomaly vanishes identically. 

3.2 The Stress— Energy Tensor at High Temperature 

We show in this section that at high temperature the stress-energy tensor we computed for 
the general Kerr-AdSs case matches that of the dual field theory, up to the usual 3/4 factor 
encountered in going from weak to strong coupling. 

Let us start with the renormalized stress-energy tensor of Brown and Cassidy for the field 
theory given in equation (|17|). Replacing the vacuum expectation value by the ensemble average 
Op one obtains the thermal stress-energy tensor: 



167r2 



(24) 



Here jab is the spacetime metric of the theory, rjab is that of Minkowski spacetime, and uj is 
the conformal factor relating the two metrics {i.e., 'jab = ^"^Vab)- The boundary metric {i.e., 
rotating Einstein universe) is conformal to Minkowski space, since rotating Einstein universe 



after a change of variables is conformal to Einstein universe^, which is known to be 
conformal to Minkowski space. Notice that upon thermalizing the Brown-Cassidy expression, 
the coefficients a and 5 will not depend on (3 {i.e., the temperature), since the same coefficients 
appear in the trace which is non-thermal.0 Notice that the first term on the right hand side of 
the above expression vanishes at zero temperature if the manifold is conformally related to the 



whole Minkowiski space |38 



One way to understand the above expression is to think of it as the quantum version of the 
classical stress-energy tensor transformation law under conformal transformation = uo'^rjab. 



^The reason is that, the boundary metric does not depend on the mass parameter since the mass term 
vanishes at the boundary. But trace anomaly is a local geometric expression which depends only on the metric 
and its derivatives, hence it will not depend on [3. 
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If a classical action is invariant under conformal transformation, then the stress-energy tensor 
will transform as 



= co-Viv) (25) 

provided that Tj'i'i]) is conserved. The existence of the last two terms in the right hand side of 
the expression is due to pure quantum effects (one loop corrections). This follows from realizing 
that they are the source of both the Casimir energy and the trace anomalies, which are pure 
quantum effects. 

In ref.|T^ we argued that in the limit M — > the two stress-energy tensors on both sides 



of the duality are identical. The reason is that the field theory stress-energy tensor is protected 
from higher loop corrections as we mentioned earlier. Furthermore, and as we also already 
mentioned, once we have matched the conformal anomaly, it determines the entire tensor (at 
zero temperature) in the case we have here that the spacetime the field theory is defined on is 
conformally flat[l38|. 

Now let us try to probe another aspect of this duality by going to another limit — the 
high temperature limit — checking the relation between the stress-energy tensors at weak and 
strong coupling (the latter defined by the AdS computation). At high T = (3~^, we can ignore 
quantum corrections in the field theory, since these quantum corrections do not depend on 
temperature, while the Minkowiski stress-energy tensor (the first term in the right hand side 
of equation (pi])) goes as T^. So in this limit we have: 



<TaXi) >(FT)=a;-^ <Ta\v)> (26) 

The previous relation is just the transformation law of stress-energy tensor under conformal 
transformation for a conformally invariant effective action. <Tj'{ri) > is traceless and has the 
form 

M 

<Ta\r])>=f^[4uau' + 6a'] (27) 

where the density is: 

(the label "M", is for "Minkowski"), and again, Ua is a time-like unit vector. The stress-energy 
tensor of our field theory is given by 

<Ta\l) >(FT)= y [^Uau' + da'] , whcrc = ^ , (29) 
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with the label "7" for the spacetime of our field theory. Notice that density gets scaled under 
conformal transformation 

= u^p^. (30) 
Then the field theory stress-energy tensor after dropping the label 7 is given by 

<rA7)>(FT)=-^[W + 5a''] . (31) 

On the gravity side one can express the mass parameter of Kerr-AdSs black hole as a function 
of /3. For small [3 we get 

M = ^ . (32) 

Substituting this value of M in the expression of stress-energy tensor in equation (H) , and using 
equation (0), the stress-energy tensor on the gravity side is 

<Ta\l) >(AdS)= ^ + Sa'] (33) 

The two expressions for the stress-energy tensors are the same up to the usual 3/4 factor, which 
is now familiar ratio between energetic quantities from the strong and weak coupling regime of 
the theory |[T7[]. 



The above argument can be used for rotating solutions with charge, as well with spherical 
or flat horizons, since after a change of coordinates, the boundary metric for these cases are 
also conformal to the whole Minkowiski space. In these cases we have temperature dependence 
similar to the Kerr-AdS case, because the mass as a function of temperature, contains other 
terms that depend on charges but which can be ignored at high temperature. The boundary 
metric of rotating charged black holes will be the same as the one for rotating black hole case, 
since terms that contain charges will vanish at the boundary. We expect that one can do 
the same for black holes with hyperbolic horizons. The only difference is that hyperbolic black 
holes boundaries are conformal to Rindler space, but this can be chosen as a part of Minkowiski 
space. 

4 The Kerr-AdSe Solution 

The general Kerr-AdSe has two rotation parameters, but we will consider only one parameter 
solution. The metric for Kerr-AdSg with one rotation parameter is given by 



ds = dt — dd) + cos 9dip + ^d9^ + ^dr 

p^ \ :i J Ae A. 

Ae sin^ 9 f , (r^ + a^^ ^ ^ 



p2 



adt - ^ — - — -d(f) + cos^ 9dni (34) 
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where 



A, = (r' + a')(l + rV/') -2MG'/r , 

Ae = l-a^/i\os\9). (35) 
is the metric on the two-sphere 

dQl^dip^ + siT?il)dr]^. (36) 
The inverse temperature is given by 

R = 47r(r^ + a^)r+ 

^ 5r|/Z2 + 3r2 (1 + aV/2) + a2 ' ^ ' 



the angular velocity has the form 



^ = • (38) 



Here, r+ is the location of the horizon, the largest root of A^. 

The non-vanishing components of the stress-energy tensor at large r are given by, 

M ( \ 

_ Masin^ /I 
" " ZG27rSr3 + ^ 

Ml /!_ 
/ cos2 „ / 1 

sin^ ^ cos^ 91M ^ ( 1 



= +0(;ij (39) 

Using the definition for a conserved charge, one can calculate the mass and angular momentum 
of the solution: 

A^ = ^M, J^—aM. (40) 



Also the action is 



~ SG {hrXIX' + 3r2 (1 + a^jX^) + a^) ' ^^^^ 
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The area of the horizon is given by 



A = 8n'G +^ + . (42) 



The above quantities satisfy the thermodynamical relation (^) for n = 5. 
The boundary metric is given by 



, r, 2asin^6', ,, ,9^6*^ ,nsin^6',,9 9 ^ ,^ 9 

-rft + dtd(f) + 1 + l^^d(f)^ + f cos^ ^c/fis 



(43) 



Defining the tress tensor of the dual field theory by removing the conformal factor, one can 
put it in the compact form: 

^ r 1 / N 

Tab = [5UaUb + 7afeJ (44) 

where = (1, 0, 0, 0, 0) and 'jat is the boundary metric. It is interesting to notice that the tensor 
can be put in the standard form even in the presence of non-vanishing rotation parameter. We 



noticed this for Kerr-AdS4 in ref.|12]. Conformal invariance together with conservation of the 
stress-energy tensor seems to constrain the form of the tensor. This property is likely shared 
by all odd dimensional field theory stress-energy tensor of this sort. 

5 The Kerr— AdSy Solution 

The general solution for Kerr-AdSy contains three rotation parameters, but we are going to 
consider only one parameter solution. The metric for the Kerr-AdSy is 

ds^ = -^(dt-^^^d(l))\r^cos^ed^' + -^de'' + -^dr^ + 

[adt - ^ — ^ — ^-d(l)\ + cos^ Od^l, (45) 

where the functions in the metric are the same except 

A, = (r^ + a') (1 + r^f) - 2MG/r^ , (46) 
and dfl^ is the metric on a three-sphere 

dnl = dip^ + sin^ ^pdr]"^ + cos^ ipd/3^ . (47) 



The inverse temperature is 



^ 3rl/l^ + 2rl{l + ayP) + a^ ' ^ 
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and the angular velocity is the same as in the previous section. Once again r_|_ is the location 
of the horizon, the largest root of A,,. The non-vanishing components for the stress-energy 
tensor at large r are given by, 

Ttt = ^^-r-r \{l + ayf)(-131ayP - 423(aV^') cos^ ^) + 219(1 + aV/') (a'A') cos' 

+25(1 + + 235(aV/^) cos^ 9 + mMG/l^ + 492(aV/^) cos' O] + 0(r-^) , 

l^a sin' 9 



Tts = - " L r-231(aV/6) cos^ ^ + 5 + a'//' + 55(aV/6) cos^ 9 - lOlaV/^ + mMG/l' 



+ 189(aV/^) cos' 9 - 2^a^/f + 168(a7/^) cos' 9 - 51 (aV^^) cos^ 9 - 3(a'//') cos' 9] + 0(r 



a/5 sm' 9_ ^^Q2a7/4 + ^i^a^l^) cos^ 9 - 55(aV/^) cos^ 9E - 171(aV/^) cos' 9 + SOMG//^ 



UQttGv^E 

+189(aV/^) cos' 9 + 3(a'//') cos' ^ + 4a'//' - 231(a7/«) cos^ 9 + 180(aV/6) cos^ ^ - 5 

+480MG(a'//6) cos' 9 - 2l{a'^/f) cos' ^ - 7Qa^ /f - 2ha^/l^ + 400(a'//^)MG] + Or'^ 
/5 



T,, = - g4o^^^^^4 [5(a'//')S - 80MG//^ + 3(a'//') cos' ^^(1 + a'/l') 

+66(aV/^) cos' - 45(aV/^) cos^ ^(1 + a'//') + 25(aV/^) cos^] + 0( 
T^^ = -^4^^ [5S(1 - aV/') - 80MG//^ - 51(a7/^) cos^ ^(1 + a'//') 



r 5) 



(r 



-3(a'//') cos' ^(1 + aV/') + 46(a7/4) cos' ^] + 0(r 
T^^ = sin'V'T^^, 

Tpi3 = cos^ ipT^^. (49) 



The mass and angular momentum of the solution are: 

vr'/^ [aV/^ + 5a7/^ + 50S - 800MG//^] ^ _ ...^ 

The energy dual to the Casimir energy of the field theory is given by setting M = in the 
above, to give: 



7r'/^ [ayi^ + 5aV/^ + 50S] 
^" 1280HG • 



The action is 



7r^(r' + o?)rj^l'^ 
^ ^ "6402^ (34//2 + 2r^(l + aV/2) + a2) ^ 

[I60(r'^//^ + r^/^a' - MG//^) + 5aV/' + 50S + aV/^] . (52) 

The area of the horizon is 

A = ,.v!i(rLt^!) . (53) 

The above quantities satisfy the thermodynamical relation (^) for n = 6. 
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5.1 The Conformal Anomaly 

The field theory to which the AdSy theory is supposed to be dual is|jl| the "(0, 2)" supersym- 
metric tensor field theory at large A^. (See ref.[^ for a review.) 



The metric on which the dual field theory resides is given using the procedure of section 

by 



,9 2asin^6', ,, ,r,d9'^ ,9sin^6',,o ,n 9 ^ ,^ o 
-dt^ + dtd(f) + 1 + l^^dcj)^ + cos^ OdVL^^ 



(54) 



a higher dimensional generalization of the rotating Einstein universe. Taking the trace of the 
stress-energy tensor given in the previous section yields, after taking the limits in section 0: 

= r5aV/4^os6^-8cos^^^aV/'(l + a'A') -2(l + aV/') 

+3cos^e{l + ayi^ + 3ayP)] (55) 



where we used the relation|l[] N^=37i'^l^ /16G between the field theory and the gravitational 
parameters. 

Just as we saw for the case of Kerr-AdSs, we see that this trace is a total derivative. 
Furthermore, we note that it can be written in terms of the Euler density: 

= -Eg . (56) 



The Euler density Eq is displayed in e.g. ref.ilq], where the field theory is discussed at weak 



coupling. The coefficient matches the results in ref. ||2T|, Just as in the four dimensional 

case, we see that for this special situation, the Euler density can be written in terms of type 
D quantities. In the notation of ref. |T^, it is of the form Yli=i d-iCi, with d^ and dj zero, since 
they depend on the Weyl tensor, and {di, d2, ds, d^^, d^} = {0, 1/9, 1/72, —5/12, 1/72}. (This is 
a useful parameterization, but of course, not unique.) 

The conformal anomaly of the free field theory has been calculated in ref. |jl6[ and the results 
are similar to the anomaly we computed on the AdS side, up to a factor of 4/7. The discrepancy 
between the two results is due to the fact that the coefficient in front of the Euler density in 
six dimensions is not controlled by a non-renormalization theorem as in the four-dimensional 
case. Consequently this coefficient will be different from the weakly coupled theory which may 
explain the 4/7 factor. Unfortunately there is no Casimir energy calculation for the free theory, 
and so we cannot compare it with our results. Nevertheless, we expect that the Casimir energy 
for the free theory will be different from the one calculated on the gravity side by exactly 
the same factor, since the conformal anomaly and the Casimir energy depend on the same 
coefficient, cq, defined in equation (|20|) . 
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6 Concluding Remarks 



In closing, we note that overall, as stated in the introduction for other AdS black holes, the 
properties of the action and stress tensor of the Kerr-AdS solution in various dimensions seem 
to be consistent with a dual interpretation as those of a field theory in one dimension fewer. 
This is a quite satisfyingly successful examination of aspects of the AdS/CFT correspondence. 
This work is also an extensive demonstration of the usefulness of the counterterm subtraction 
method for computing intrinsic properties of quite complicated asymptotically AdS spacetimes. 

It would be interesting to study the full thermodynamic phase structure of these higher 
dimensional rotating black holes, as done in four dimensions in ref. [^. We expect that the 
properties of AdS will endow these thermodynamics with the physical properties required by 
the duality, in contrast to the A = case. 

While the dual field theories to Kerr-AdS reside on rotating spacetimes — generalizations 
of the rotating Einstein universe — which are situations of less immediate concern than, e.g., 
gauge field theory at high density (to which the Reissner-Nordstrom black holes seem to be 
relevant), it is nevertheless an interesting arena in which to study the AdS/CFT correspondence 
and its generalizations. 

We expect that there is more to be learned by further study of these systems. Particularly 
interesting would be further information from the pertubrative field theory side in the Kerr- 
AdSy case: The Casimir energy of the (0,2) tensor multiplet on the (rotating) six dimensional 
Einstein universe is an example of a quantity which would be nice to compare with the result 
we have presented here. 

An obvious extension to study, for completeness, is the inclusion of all of the rotation 
parameters for AdSe and AdSr, and comparison to the corresponding field theory quantities. 
As the two-parameter Kerr-AdSs case and the one parameter Kerr-AdS7 case were both rather 
computationally intensive, we have not yet made serious attempts to progress beyond that level 
of complexity. We hope that progress on this can be made, in order to complete the story. 
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